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Large Enough

Asymptotic reasoning, complexity theory:
properties hold ‘for large enough” numbers.

(AX 2 {(Vx:x>X:P))

Assumption throughout: x and X are natural
numbers.

Name this quantifier!
“Almost all”, “all but finitely many”

(X P) (AX 2 (Vx:x>X:P))

Intuition/notation: N as a timeline . ..

Known since 1970s, modal quantifiers since

1950s. (Emphasis: expressiveness, general class.)



Why useful?

e Often left implicit in context — MPC “not
done”, real risks;

e Where it is explicit: two dummies;

e its negation also interesting;

e basis for more notations (eliminate more
dummies).



Basic properties (unsurprising)

If x does not occur free in P then

(OxuP) =P

Proof:
(& P)

= { definition of > }
(AX 2 {(Vx:x>X:P))

= { V not trivialised: non-empty range }
(AX : P)

= { d not trivialised: non-empty range }

P

If x does not occur free in E then

(OOxux>E) = true



From monotonicity of V and 4 we get:

Vx:P=Q) = (Ox:P)=(0x:Q)) (0)

Intuitively
(Vx:P) = (Ox:P)

proved using (0):
(Vx:: P)

= { left identity of =, heading for (0) }
(Vx ::true = P)

= { (0) with P, Q:= true, P }
(>x:true) = (Ox:P)

{ x doesn’'t occur in true }

true = (©x:P)

= { left identity of = }

(X P)



Conjunction

Conjunction distributes over &) :

(OxuP) N {(x:Q) = (Ox=2P A Q)

Proof of « from weakening;
= starting with witnesses X; and Xj:

(Vx:x>Xy:P) N (VX :x>X:Q)
= { arithmetic }
(Vx:x>XpT X1 2P) N (Vx:x>XyT X1:Q)
= { distributivity }
Vx:x>XgT X1 2P AN Q)
= { d-introduction, with X := Xy 1 X; }
(AX 2 (Wx:x>X:P AN Q))
= { definition of & }
(Ox=2P AN Q)



From binary to general conjunction

Weakening also accounts for

(Vy 1 (Ox:P)) < (Oxu(Vy::P))
but = proof doesn’t carry across: would need

maximum of possibly infinite set. Indeed it
doesn’t hold: consider x>y for P .

Consequence: can't have universally and large-
enough quantified variables implicit in context
at the same time. Worse, ...



Multiple large enough

Definition for two simultaneous dummies:

(@Ox,y:P)y = (3@X,Y:
VX, y :x>XANy>Y:P))

Equivalently:

(Ox,y:P) = (3Z:(VX,y:x>ZNy>Z:P))

Nesting property:

<@X,y S P) = (@X > <@y = P))

(Proof next slide)



Proof:
(Ox,y:P)
= { definition of & }
@AX, Y 2 (VX,y : x>X ANy >Y:P))
= { nesting of V and of 3 }
AX:BY s (Wx:x>X: Yy y>Y:P)))
= { dv=Vv3d }
AX = Wx:x>X: QY : Vy:y>Y:P))
= { definition of <, twice }

(Ox (DY P))

< does not hold: y > x for P . (Same
counterexample stops swapping @X and @y.)

Consequence: if multiple @ quantified
variables in context, have to be explicit about
their order (or lack of).
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Infinitely many

The dual of & :
(lx = Py = ﬁ<@x 2 P)

Consequently,

(PIx=P)y = (VX :u{3x:x>X:P))
and also

([olx 2 P) = (x: P:x) is infinite

(X P) = (x : =P :x) is finite

(Contradiction proofs of ‘large enough” via
“infinitely many’!)
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Application: Limits of sequences
Xli_)moof.X:a = (Ve:e>0:
(Oxu|fx—al <e)

(one less dummy)

E.g., for fixed ¢ > 0,

Xli_)mOO fx = a
{ definition of limx—~ }
(Vere>0: (Ox|fx—al<e)
= { arithmetic }
(Vere>0:(Oxu|c-fx —c-al<c-g)
{  dummy translation: ¢ := c-¢ }
(Ve € >0:(Ox|c-fx —c-al <¢€))
{ definition of limx—~ }

Ilm ¢c-fxXx =cCc-a
X—00
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Every converging sequence is bounded.

First:

lim f.x=a
X—00
{ definition of limx— }
(Vere>0: (Ox i |fx—al<e)
= { instantiation, with e¢:= 1 }
(Ox = |fx—al<1)
= { arithmetic }

(Oxufx < a+l)
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Now we can prove boundedness of f :
(b (Vx: f.x < b))
= { range splittingon fx < a+1 }
(b (Vx:fx <a+1V fx > a+1:fx<b))
< { predicate calculus }
(db:b >a+1 AN (Vx:fx > a+1:fx<Db))
= { ] exists: complement of cofinite set }
(bbb >a+1 A b>(Ix:fx >a+1:fx))
= { one point rule: take b > both bounds }

true
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Towards calculational asymptotics

Asymptotics: “at extremes things get very close’ .
@ eliminates quantification of “how extreme”
but not of “how close” (e).

Asymptotic comparisons (based on absolute
differences):

feg = (Ve:e>0: (Ox|fx—gx|<e)
fag = (Vere>0:(x:0 < gx—rFx <¢)

Properties . ..
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Asymptotic comparisons (relative differences):

f<g = /g0

f<g = (AC : (Ox|f.x] < C-g.x]))
f<g = Ff<gAg<f

f~gd = f/lg <« 1

Properties: order-like, and

feg AN (f <0)

) Th
%
Q

)
A X

N N NN
LA

A

16



Big Oh

feOg = g

Known properties of <« lead to
f e Of)
feO(g) N ge O(h) = fe O(h)
and unfold <« for

fe O(9)
fie O(g1) N € O(gy)
fie O(g1) N € O(g)
fie O(g1) N fh e O(99)

C-feO9)

44l

f € O(g) from each asymptotic equivalence.
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fi+ e O(g +|9)
fil+fHhe O(gr T 9)
fi-Hhe O(gr-9)



What next?

e expand these calculational theories; explore
lim sup

e Mmore big proofs;

e More algebraic theory for one-way
functions.
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